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A FRACTAL PROOF OF THE INFINITUDE OF PRIMES
KOTA SAITO
Abstract. This short paper gives another proof of the infinitude of primes by using
the upper box dimension, which is one of fractal dimensions.
A prime number is a natural number greater than 1 whose divisors are only 1 and
itself. These numbers have been fascinating the whole human race. Euclid gave the
first result on prime numbers in around 300 B.C. He showed the infinitude of primes:
Theorem 1 (Euclid). There are infinitely many prime numbers.
His proof is arithmetical and simple (see [H, Book IX Proposition 20]). Nowadays,
one can find numerous different proofs of the infinitude of primes. Surprisingly, the
number of them is at least 183 from [M]. This paper also gives another proof of the
infinitude of primes. We mainly use properties of the upper box dimension and the fact
that any natural number greater than 1 can be written as a product of prime numbers
(the uniqueness of the factorization is not required). Our method is close to Euler’s
idea on the divergence of the sum of reciprocals of prime numbers [E, pp. 172-174]
(alternatively see [D, pp. 1-2]). From his proof,
∑
p : prime 1/p = ∞ is equivalent to∑
n∈N 1/n =∞, which implies that the size of the set of all positive integers should be
small if there were only finitely many prime numbers. Similarly, we will find that the
upper box dimension of the set of reciprocals of all positive integers should be small
(zero) if there were only finitely many prime numbers. This leads to a contradiction.
Here we define the upper box dimension. Let F ⊂ R be a bounded set, and δ be
a positive number. A family of sets {Uj}
N
j=1 is called a δ-cover of F if F ⊆
⋃N
j=1 Uj
and d(Uj) ≤ δ for all j = 1, 2, . . . , N , where d(Uj) denotes the diameter of Uj i.e. we
define d(U) = supx,y∈U |x − y| for every bounded set U . Then we define the upper box
dimension of F as
dimB F = lim
δ→+0
logN(F, δ)
− log δ
,
where N(F, δ) denotes the smallest cardinality of a δ-cover of F i.e.
N(F, δ) = min
{
N ∈ N : {Uj}
N
j=1 is a δ-cover of F
}
.
We refer [F, R] to the readers who are interested in more details.
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In order to prove Theorem 1, we show the following lemma:
Lemma 2. Let C,D ⊂ R be bounded sets. We have
dimB (CD) ≤ dimB C + dimB D,
where CD = {cd ∈ R : c ∈ C, d ∈ D}.
By induction and Lemma 2, we immediately obtain that
(1) dimB (C1 · · ·Cn) ≤ dimB C1 + · · ·+ dimB Cn,
for all bounded sets C1, . . . , Cn ⊂ R.
Proof of Theorem 1 assuming Lemma 2. Let 1/N = {1/n : n ∈ N}. From [F, Exam-
ple 3.5], we find that dimB (1/N) = 1/2. Here we need just one direction of this formula,
that is
(2) dimB (1/N) ≥ 1/2.
We show this inequality. Fix any 0 < δ < 1/2 and let k ≥ 2 be the integer such that
1/(k(k + 1)) ≤ δ < 1/((k − 1)k).
If U ⊂ Rwith d(U) ≤ δ, then U has at most one intersection with the set {1, 1/2, . . . , 1/k}
since if 1/s, 1/t ∈ U holds for some 1 ≤ s < t ≤ k, then we have
d(U) ≥
1
s
−
1
t
≥
1
st
≥
1
k(k − 1)
> δ,
which is a contradiction. Therefore if we take any δ-cover {Uj}
N
j=1 of 1/N, then N ≥ k,
which implies that N(1/N, δ) ≥ k ≥ (k(k + 1))1/2/2 ≥ δ−1/2/2. Therefore we have
dimB (1/N) = lim
δ→+0
logN(1/N, δ)
− log δ
≥ lim
δ→+0
log(δ−1/2/2)
− log δ
= 1/2.
Let A(p) = {1/pk : k = 0, 1, 2, . . .} for every prime number p. Then dimB A(p) = 0
holds. In fact, for every 0 < δ < 1/2, it follows that
A(p) ⊆ [−δ/2, δ/2] ∪
⋃
0≤k≤ log(2/δ)
log p
[−δ/2 + 1/pk, δ/2 + 1/pk].
This yields that N
(
A(p), δ
)
≤ 2 + log(2/δ)
log p
. Hence we have
(3) 0 ≤ dimB A(p) = lim
δ→+0
logN
(
A(p), δ
)
− log δ
≤ lim
δ→+0
log
(
2 + log(2/δ)
log p
)
log(1/δ)
= 0.
Assume that there are only finitely many prime numbers p1, . . . , pn. Then we have
1/N = A(p1) · · ·A(pn) since any natural number greater than 1 can be written as a
product of prime numbers. Therefore we obtain
1/2 ≤ dimB 1/N = dimB (A(p1) · · ·A(pn)) ≤ dimB A(p1) + · · ·+ dimB A(pn) = 0
by (1), (2), and (3). This is a contradiction. 
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Proof of Lemma 2. Fix any 0 < δ < 1/2. Let R be a sufficiently large number such that
C ⊆ [−R,R] and D ⊆ [−R,R]. Let {Ui}
NC
i=1 and {Vj}
ND
j=1 be δ/(2R)-covers of C and
D, respectively, where we define NC = N(C, δ/(2R)) and ND = N(D, δ/(2R)). Then
we find that {UiVj}1≤i≤NC ,1≤j≤ND is a δ-cover of CD. Indeed, for fixed 1 ≤ i ≤ NC ,
1 ≤ j ≤ ND, and for all c1, c2 ∈ Ui and d1, d2 ∈ Vj we have
(4) |c1 · d1 − c2 · d2| ≤ |c1||d1 − d2|+ |d2||c1 − c2| ≤ R · δ/(2R) +R · δ/(2R) = δ,
which means that the diameter of UiVj is at most δ. Furthermore, it is clear that
CD ⊆
⋃
1≤i≤NC ,1≤j≤ND
UiVj.
Therefore the following inequality holds:
N(CD, δ) ≤ NC ·ND = N(C, δ/(2R)) ·N(D, δ/(2R)),
which yields that
dimB (CD) = lim
δ→+0
logN(CD, δ)
− log δ
≤ lim
δ→+0
logN(C, δ/(2R))
− log(δ/2R)− log(2R)
+ lim
δ→+0
logN(D, δ/(2R))
− log(δ/2R)− log(2R)
= dimB C + dimB D.

The above proof does not require any specific knowledge on fractal geometry, but we
can get a much simpler proof if we use properties of the upper box dimension.
Another proof of Lemma 2. We define φ : C ×D → R as φ(c, d) = cd, where C ×D =
{(c, d) ∈ R2 : c ∈ C, d ∈ D}. We show that φ is Lipschitz-continuous. Let R be a
sufficiently large number such that C ⊆ [−R,R] and D ⊆ [−R,R]. Then we have
|φ(c1, d1)− φ(c2, d2)| = |c1||d1 − d2|+ |d2||c1 − c2| ≤ 2R‖(c1, d1)− (c2, d2)‖
for all c1, c2 ∈ C and d1, d2 ∈ D, where ‖ · ‖ denotes the Euclidean norm on R
2. Thus
φ is Lipschitz-continuous. Therefore we have
dimB (CD) = dimB φ(C ×D) ≤ dimB (C ×D) ≤ dimB C + dimB D
by [F, Proposition 2.5 and Product formula 7.5].

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